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Abstract: 

Hilbert spaces, fundamental in functional analysis, provide a rich framework for understanding 
and solving various mathematical and physical problems. Within this framework, bounded linear 
operators play a central role, serving as key tools for studying transformations between vectors 
and the convergence of sequences. This paper conducts a detailed investigation into bounded 
linear operators on a separable complex Hilbert space, illuminating their properties and 
applications. 

The paper begins by establishing the foundation of Hilbert spaces, emphasizing the significance 
of separable complex Hilbert spaces due to their countable dense subsets. It then introduces the 
concept of bounded linear operators, highlighting their linearity and boundedness properties, 
which are critical for preserving the inner product structure and ensuring continuity. 

In subsequent sections, we delve into the properties of bounded linear operators on separable 
complex Hilbert spaces. Topics include spectral theory, compact operators, adjoints, and the 
notion of self-adjoint and normal operators. We illustrate these properties with mathematical 
examples, offering a comprehensive overview of the theory underpinning the subject. 

This abstract provides an overview of the paper's content, and you can expand on these ideas in 
the main body of the paper, including mathematical proofs, specific examples, and references to 
relevant literature. 
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Introduction: 

We begin by describing some algebraic properties of projections. If M and N are subspaces of a 
linear space X such that every x  X can be written uniquely as x = y +z with y  M and z  N, 
then we say that X = M  N is the direct sum of M and N, and we call N a complementary 
subspace of M in X. The decomposition x = y + z with y  M and z  N is unique if and only if 
M ∩ N = {0}. A given subspace M has many complementary subspaces. For example, if X = R 3 
and M is a plane through the origin, then any line through the origin that does not lie in M is a 
complementary subspace.  

The primary purpose of the present paper is to explore orthogonality of bounded linear operators 
between Hilbert spaces and Banach spaces. Unlike the Hilbert space case, there is no universal 
notion of orthogonality in a Banach space. However, it is possible to have several notions of 
orthogonality in a Banach space, each of which generalizes some particular aspect of Hilbert 
space orthogonality. Indeed, one of the root causes of the vast differences between the 

geometries of Hilbert spaces and Banach spaces is the lack of a standard orthogonality notion in 
the later case. On the other hand, this makes the study of orthogonality of bounded linear 
operators, between Hilbert spaces and Banach spaces, an interesting and deeply rewarding area 
of research. In recent times, several authors have explored this topic and obtained many 
interesting results involving orthogonality of bounded linear operators. In this paper, among 
other things, we extend, improve and generalize some of the earlier results on orthogonality of 
bounded linear operators. Without further ado, let us first establish our notations and 
terminologies to be used throughout the paper. Letters X, Y denote Banach spaces, over the field 
K  {R, C}. Let BX = {x  X : x ≤ 1} and SX = {x  X : x = 1} be the unit ball and the unit 
sphere of X respectively. Let B(X, Y) and K(X, Y) denote the Banach space of all bounded 

linear operators and compact operators from X to Y respectively, endowed with the usual 
operator norm. We write B(X, Y) = B(X) and K(X, Y) = K(X) if X = Y. The symbol IX stands 
for the identity operator on X. We omit the suffix in case there is no confusion. We reserve the 
symbol H for a Hilbert space over the field K.Throughout the paper, we consider only separable 
Hilbert spaces. In this paper, mostly in the context of bounded linear operators, we discuss three 
of the most important orthogonality types in a Banach space, namely, BirkhoffJames 
orthogonality, isosceles orthogonality and Roberts orthogonality . Let us first state the relevant 
definitionsIt aims to determine the properties of isometric and unitary operators in a Hilbert 
space of infinite dimension, and provides an algebraic and geometric characterization of these 
operators. 

MAIN ASSUMPTIONS 
Let S be a real separable Hilbert space with inner product (x,y) and norm ‖x‖=(x, x)1/2. Let 
E:D(E) → S be a linear operator with domain D(E)  s and finite dimensional null space S0 = 
ker E. Let P:S → S denote the projection operator with range S0 and null space S1 = (I-P)S. 
Furthermore we assume that S1 is also the range of E,S1 = R(E). Then, E:D(E) ∩ S1 → S1 is 
one-one and onto, and H:S1 → D(E)∩ S1 as a partial inverse operator of E exists. We assume 
that H is a linear bounded compact operator, and that E,P,H, satisfy the usual axioms (h1)H(I-
P)E = I-P; (h2)EP = PE; (h3)EH(I-P) = I-P. 
Let N:S → S be a continuous operator in S, not necessarily linear. The equation 
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Ex=Nx,x D(E) S, 

is equivalent to the system of auxiliary and bifurcation equations 

(4)x=Px+H(I−P)Nx, 

(5)P(Ex−Nx)=0. 

 

Hilbert space  

1. Vector Space: A Hilbert space is a vector space, which means it is a set of elements (vectors) 
that can be added together and multiplied by scalars (typically from the field of complex 
numbers) to create new vectors. The vectors in a Hilbert space can represent a wide range of 
mathematical objects, from finite-dimensional vectors to functions and sequences. 

2. Inner Product: The defining characteristic of a Hilbert space is the inner product, also known 
as a scalar product or a dot product. This is a mathematical operation that takes two vectors 

and returns a scalar, typically denoted as 〈x, y〉 or (x, y). The inner product satisfies 

several properties, such as linearity, conjugate symmetry (Hermitian symmetry), and 
positive definiteness. 

3. Completeness: A Hilbert space is complete, which means that it is equipped with a metric 
structure that allows for the notion of limits. In other words, sequences of vectors in the 
Hilbert space should converge to a limit that is also within the same Hilbert space. This 
completeness property is a key feature that distinguishes Hilbert spaces from other vector 
spaces. 

4. Norm: The inner product in a Hilbert space induces a norm on the vectors, allowing for the 
measurement of the size or length of vectors. The norm of a vector x is typically denoted as 

‖x‖ and is defined as the square root of the inner product of the vector with itself (‖x‖ = √〈x, 

x〉). 

5. Orthogonality: Orthogonality is a crucial concept in Hilbert spaces. Two vectors x and y are 

said to be orthogonal if their inner product is zero (〈x, y〉 = 0). Orthogonal vectors are 

geometrically perpendicular in the case of finite-dimensional Hilbert spaces. 

6. Basis: A Hilbert space can have a basis, which is a set of vectors that spans the entire space. 
These basis vectors are often orthonormal, meaning they are orthogonal to each other and 
have a unit norm (‖x‖ = 1). 

Bounded linear operators on a separable complex Hilbert space 

Bounded linear operators on a separable complex Hilbert space represent a crucial concept in 
functional analysis. These operators play a fundamental role in understanding the structure and 
properties of Hilbert spaces and have a wide range of applications in various areas of 
mathematics, physics, and engineering. 
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Here are some key points to consider when discussing bounded linear operators on a separable 
complex Hilbert space: 

1. Definition: Bounded linear operators are linear transformations that map elements from one 
Hilbert space to another while preserving the inner product and norm. In this context, we are 
concerned with operators on a separable complex Hilbert space, which is a Hilbert space 
equipped with a countable dense subset. 

 
2. Basic Properties: Bounded linear operators are continuous, meaning that small changes in 

their input result in small changes in their output. This continuity is essential for their well-

behaved mathematical properties. 
 
3. Boundedness: The term "bounded" in the name refers to the fact that these operators have a 

finite operator norm. The operator norm of a bounded linear operator is defined as the 
supremum of the norms of the images of unit vectors in the domain space. 

 
4. Examples: Examples of bounded linear operators include projection operators, unitary 

operators, self-adjoint operators, and compact operators. Each of these operators has specific 
properties and applications in various mathematical and physical contexts. 

 
5. Spectral Theory: The spectral theory of bounded linear operators is a critical topic. It deals 

with the decomposition of operators into their spectral components, such as eigenvalues and 
eigenvectors. Understanding the spectrum of an operator provides insights into its behavior. 

 
6. Adjoint (Hermitian) Operators: For each bounded linear operator on a complex Hilbert 

space, there exists a unique adjoint operator, often called the Hermitian operator. The adjoint 
is crucial for many mathematical and physical applications, including quantum mechanics. 

 
7. Compact Operators: Compact operators are a subclass of bounded linear operators that 

play a significant role in functional analysis. They have a compact image, which can lead to 
different mathematical properties and applications. 

 
8. Applications: Bounded linear operators find applications in quantum mechanics, signal 

processing, integral equations, and many other areas. They are essential tools for modeling 
and solving various problems in these domains. 

 
9. Functional Analysis: The study of bounded linear operators is a central theme in functional 

analysis, a branch of mathematics focused on understanding infinite-dimensional spaces and 
the mappings between them. 

 
Conclusion:  
 
Research in this field continues to evolve, with ongoing investigations into the properties, 
spectra, and applications of bounded linear operators on separable complex Hilbert spaces. 
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Understanding bounded linear operators on a separable complex Hilbert space is a foundational 
topic in functional analysis, and their significance extends too many areas of mathematics and 
science. Research in this field continues to advance our understanding of these operators and 
their applications in solving real-world problems. 
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